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SEGRE FORMS AND KOBAYASHI LUBKE INEQUALITY 


SIMONE DIVERIO 


Abstract. Starting from the description of Segre forms as direct images of 
(powers of) the first Chern form of the (anti)tautological line bundle on the 
projectivized bundle of a holomorphic hermitian vector bundle, we derive a 
version of the pointwise Kobayashi-Liibke inequality. 


1. Introduction 

Let E —>■ A be a rank r holomorphic vector bundle over a compact complex 
manifold X of dimension n, and let tt: P{E) —>■ A be the projectivized bundle of 
lines of E. Next, let ©£;(— 1) C tt*E be the tautological line bundle on P{E) and 
set u = ci(0£;(l)) € R^(P(E),Z). Then, the cohomology algebra EI*{P{E),Z) 
can be identified with the algebra R* (A, Z) [u] with the unique relation 

(1) u’’ + 7r*Ci(E) • u'"~^ + • ■ • + 'K*Cr{E) = 0. 

It is well known that this can even be used in order to dehne the Chern classes 
Cfc(E) e Z) of E. Let c,(E) = 1 + ci(E) + • • • + c^(E) e R*(A, Z) be the 

total Chern class of E. This is an invertible element of the cohomology algebra of A 

and its inverse is by definition the total Segre class s,(E) = I + si(E) H-h Sn{E) 

of E. One thus finds 

si(E) = -ci(E), 

S2(E)=Ci(E)2-C2(E), 

ssiE) = -ci(E) 3 + 2ci(E) • C 2 {E) - c^iE), 


and so forth. It is not difficult to see, using o, that one can recover Segre classes 
directly from the projectivized bundle of E by a push-forward formula in cohomol¬ 
ogy, namely Sfc(E) = 

Now, looking at these classes in the real cohomology algebra, the Chern-Weil 
theory gives us a way to represent them as closed 2fc-forms, for instance once the 
holomorphic vector bundle E is endowed with a hermitian metric h: if De^h is 
the Chern connection of {E,h), and Q{E,h) = ^ € C“]^(A, End(E)) its cur¬ 

vature, then the corresponding Chern forms Cfe(E, h) are computed using formally 
the identity 

det (ld+^e{E,h)\ = ^Ck{E,h)t\ 

^ fe =0 

so that, Ck{E,h) = tr(A^^0(E,/i)). Correspondingly, we can consider the Segre 
forms Sk{E, h) built up starting from the Chern forms, so that for instance 

si{E,h) =—ci{E,h), S2{E,h) = ci{E,h) Aci{E,h) — C2{E,h), 
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and so on. These are, of course, special representatives of the Segre classes. 

Once E is endowed with a hermitian metric, we can naturally equip Oe{—^) C 
Tr*E with a hermitian metric, which we still call h. Computing the corresponding 
Chern curvature of Oe( 1) thus gives a special representative S := ^0(O£;(1), h~^) 
of u. Finally, since tt: P{E) —X is a proper submersion, the direct image 
is a smooth closed 2fc-form, which clearly represents Sk{E) so that 
a priori it differs from Sk{E,h) by an exact form. The first remark is that this 
exact form is indeed zero. 

Proposition 1.1. For each k = 0,... ,n, the equality 

E,{E:-^+^) = Sk{E,h). 

holds, where sq{E, h) is the function on X constantly equal to 1. 

An analogous proposition has been firstly proven in |Mou041 Proposition 6]. 
The reader can also find this statement, for X a projective manifold, in |Gull21 
Proposition 3.1]. By the pointwise nature of its proof, Proposition 11.11 is indeed 
valid for any complex manifold: we shall give our proof of this fact in the next 
section. 

The innocent-sounding proposition above has in fact a certain number of inter¬ 
esting consequences. The first one we would like to mention, which has already 
been observed in |Gull2] . is the following. 

Theorem (D. Guler |Gull2p . Let {E,h) be a Griffiths positive holomorphic her¬ 
mitian vector bundle on a projective manifold X. Then, the signed Segre form 
(—1)^ Sk{E, h) is a positive (k, k)-form for each k = 1,... ,n. 

For definitions and basic facts about Griffiths’ positivity and positivity of forms 
we refer to the all-inclusive book [Dem] . This result should be put in perspective 
with |FL83) . where it is shown, among other things, that, given any ample vector 
bundle E, each Schur polynomial in the Chern classes of E is positive whenever 
integrated over any subvariety of the right dimension. Since signed Segre classes are 
particular Schur polynomials in the Chern classes, the above theorem can be seen 
as a partial pointwise metric counterpart of the above-mentioned result of Fulton 
and Lazarsfeld. 

The second consequence we want to consider is a pointwise inequality a la 
Kobayashi-Liibke for Hermite-Einstein vector bundles. To this effect, let us fix 
some notations. Let {E, h) —)• {X, oj) be Hermite-Einstein with respect to the 
Kahler metric lu. We recall that this means that there exists a real number 
(called the slope of E with respect to uj), which is a posteriori uniquely determined 
by ci{E) and the cohomology class [w] of w, such that the following identity of 
End(£')-valued (n, n)-forms holds everywhere on X: 

i uj'^ 

— Q{E, h) A - -^ = Xe,[oj] —r ■ 

ZTT (n — 1)! ^ ^ n! 

To simplify notations, we shall suppress the subscript [w] in whenever the 

Kahler class has been fixed once and for all. Taking the trace of both sides with 
respect to End(E), one gets 

(2) ci(E,h) = Xe-uj^. 

n 

By integrating over X, this proves the above assertion about the dependance of Xe 
only upon ci{E) and [w] and shows the correlation between Xe and the slope pE 
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in the setting of stable vector bnndles: 

n J^ci{E,h) 


Xe = 




=deg^ E/ rk E—:^e 


Next, recall that the classical Kobayashi-Liibke inequality states: 

Theorem (Kobayashi-Liibke inequality). If E admits a Hermite-Einstein metric 
h with respect to uj, then 

{(r-l)ci{E, hf - 2rc2{E,h)) < 0 

at every point of X. Moreover, the equality holds if and only if 

-E Q[E, h) = - ci{E, h) ® Idfi, 

ZTT r 

that is, if and only if E is projectively flat. 


Here comes our inequality, which is —as we shall see— a different incarnation 
of the classical Kobayashi-Liibke inequality, involving an extra term of the form 
ciiE,h) 

Theorem 1.2. If E admits a Hermite-Einstein metric h with respect to lo , then 

(3) S2{E,h) Aw'^-'^ <XE'^^ci{E,h) Auj'^-^ 

2n 

at every point of X. Moreover, the equality holds if and only if 

EQ{E,h) = ^uj®ME, 

Ztt n 

so that in particular E is projectively flat and 

r 

ci{E,h) = Xe- to. 

n 

Remark 1.3. Observe that in the case of equality one obtains in particular that the 
first Chern class of is a (real) multiple of a Kahler class. Thus, if Ab is different 
from zero, i.e. if Ci(i5) • ^ 0, then either detLl or detif* is a positive 

line bundle and therefore X is projective. In particular, over a non projective 
compact Kahler manifold the inequality (I3|) is always strict somewhere, provided 
ci(£’) • ^ 0. Therefore, in this case, by integrating (I3|) over X, one always 

has a strict cohomological inequality 

S 2 {E) ■ [cur-^ < Ab ^ cflE) ■ 

Zn 

Perhaps the main contribution of this note is to have given a new proof of 
the Kobayashi-Liibke inequality, very different in spirit from those already in the 
literature. Our proof seems to us very natural and might, as well, hint some new 
insights. 

Observe that, thanks to m, we may restate the inequality Q in the equivalent 
form 

(4) s2{E,h)Auj’^-^<Xl^-^^^u;\ 

In order to recover the classical Kobayashi-Liibke inequality from Theorem 11.21 
given {E, h) -A {X, uj) Hermite-Einstein, it suffices to do the following standard 
trick: plug in Q the first two Chern forms of the Hermite-Einstein vector bundle 
{E* 1^1 E,h~^ O h) which are given by 

ci{E* (8> E, h~^ 0 h) = 0, C 2 {E* 0 E, h~^ 0 h) = 2rc2{E, h) — {r — 1) cflE, h)^. 
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As pointed out to us by an anonymous referee, it is also equally possible to derive 
formally m from the classical Kobayashi-Liibke inequality (see the end of Section 
[3] for the details). 

Integrating over X the inequality (|4|) and taking into account the Kobayashi- 
Hitchin correspondence, one gets the following statement of a somewhat more al¬ 
gebraic flavor. 

Corollary 1.4. Let E ^ X be a holomorphic vector bundle over a compact Kdhler 
manifold X. Suppose that E is (poly)stable with slope p,E with respect some Kdhler 
class [lo] . Then, the following inequality holds in cohomology: 

If X is moreover projective algebraic and [tu] = ci(A) is taken to be the first 
Chern class of an ample line bundle A ^ X, then the same conclusion can be 
shown to hold, more generally, if E is only supposed to be semi-stable with respect 
to [w]. Indeed, thanks to the classical work of Donaldson [Don85] (see also |Kob871 
Theorem (VI.10.13)]), in this case E admits approximate Hermite-Einstein metrics 
and we thus get some error term in (|4]) which disappears integrating and passing 
to the limit, exactly as in |Kob871 Theorem (IV.5.7)]. 

Acknowledgments. Firstly, we would like to friendly thank F. Campana who en¬ 
couraged us to write down this note some time ago. We are also indebted with S. 
Boucksom, J. Cao, P. Dingoyan, P. Gauduchon, E. Mistretta, and R. A. Wentworth 
for extremely valuable discussions and suggestions. Finally, we thank B. Claudon 
and A. Boring for pointing out to us respectively the references |Gull2j and |Miy91| . 
Last but not least, we thank a first anonymous referee who suggested us how to for¬ 
mally derive inequality (|3]) from Kobayashi-Liibke and a second anonymous referee 
for several useful comments and suggestions. 

2. Segre forms as direct images 

Let {E, h) —>■ A be a rank r holomorphic hermitian vector bundle on a complex 
manifold X of dimension n. Let De.h be the Chern connection of {E,h), and 
Q{E,h) = ^ S Cj^j(A,End(A)) its curvature. Let tt: P{E) A be the 

projectivized bundle of lines of E, and Oe{—^) the tautological line bundle on 
P{E). The metric h on E naturally induces a metric on Oe{—^), being Oe{—^) a 
subbundle of Tr*E. 

Given a point xq G X, we shall compute its Chern curvature at an arbitrary 
point (xo, [uq]) £ P(E) in the fiber over xq- To do so, let us fix local holomorphic 
coordinates (zi,..., Zn) on A centered at xq and a local normal frame (ei,..., e^) 
for E at xq, such that Crixo) = UQ/||uo||?t. These choices give us local holomor¬ 
phic coordinates {zi,..., Zn,fi, ■ ■ ■ ,^r-i) on P{E) centered at (a;o, [uq]). A local 
holomorphic nonvanishing section for (!l£;(—1) is thus given by 

r —1 

{z,f) ^ r]{z,f) = 6 ^( 2 ;) Casa ( 2 :), 

A^l 

and the Chern curvature of Oe{—^) at the point (xq, [vq]) is computed by 

(-aa log ||?7||^) 1(0,0) • 

Now, since {e\) is a local normal frame, by definition we have 

n 

^ h — ^ ^ 1 -^ | ); 

j,k^l 
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where 

r n 

^ ^ ^ ^ ^jkXfi ^ dZk 0 

A,^=l j,k—l 
r 

= ^ B^a 0 

A,//—1 

is the Chern curvature of {E, h) at Xq. Here, we evidently have set 

n 

B^a — ^ ^ ^jkXfi dzj A dzf^. 

j,k^l 


Therefore, 

n 

Ibllh = 1 + ^jkrrZjZk + 0{{\z\ + 1^1)3), 

and the Chern curvature we wanted to compute is given by 

r n 

( 5 ) 0 (,,oJ^o])(O£;(-l), h) = - ^ A d^x + ^ Cjkrr dzj A dZk- 

A=i i,fc=i 


Next, we rewrite this formula in more intrinsic terms. For this, we shall exhibit a 
natural (smooth) decomposition of Tp(^E) in vertical and horizontal distributions, 
which depend on the hermitian structure of E. First of all observe that, tautologi¬ 
cally, the restriction of ^0 (O_e(—1), h) to any fiber 7r“^(x) ~ P{Ex), x £ X, gives 
minus the Fubini-Study metric of P{Ex), with respect to the metric 

In particular, the hermitian form on the holomorphic tangent space Tp(^E'j 
associated to ^0(O£;(—1), h) is negative definite on the relative tangent bundle 
Tp{E)/x ■= kerdir C Tpi^p)- Thus, the orthogonal complement to Tpi^pyx 

with respect to ^0(O£;(—1), h) gives rise to a smooth distribution of complex 
dimension n such that 


Tp(E) z±c°° Tp(^E)/x 

and d'K\p^ ^ ^ : Tp^py^ Tx is a smooth linear isomorphism at every point of 

P{E). 

Using this decomposition of Tp(^E) into vertical and horizontal distributions, we 
see that the second term in (I5|) only acts on horizontal vectors and can be therefore 
identified (via dir) with the (1, l)-form on Tx,xo given by 


j^^{exo{E,h)-vo,vo)f^. 

Set 

2:=^0(Oe(1),/i-'). 

Summing up, S is the real (1, l)-form representing ci((!I£;(!)) that can be rewritten, 
using the decomposition above, as 

PiE) 9 (x, [v]) HA S(x, H) = (H) - (x, H), 


where we have set 


H) 


J_ {Qx{E,h) ■ v,v)^ 

27r \\v\\l 


Proposition 2.1. For any integer 0 < k < n, the direct image 71*2'" equals 
the k-th Segre form Sk{E, h) of {E, h). 
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As mentioned in the introduction, by the pointwise nature of this statement, 
no hypotheses of algebricity (or kahlerness) nor of compactness of X are indeed 
needed. 


Proof. This is a pointwise computation. We have to show that, for an arbitrary 
xq € X, the (fc,fc)-form given by the integration of 5'’“!+^ over the fiber P{Exg) 
coincides with Sk{E, h) at xq, in some suitable local coordinates. 

For this, let us keep notations as above and compute 


( 6 ) 

r — l+k 

S^-^+^(xoAvl)= E 


2=0 





r—l+k— 


For obvious degree reasons, among all terms in ([5]), the only one which survives 
once an integration over the fibers is performed is of course the one corresponding 
to i = k. We are therefore led to consider the integral 


—1+fe 


'PiE^o) 

= (-!)'= 


r — l + k 
k 


P(E.o) 


(i?f(xo, H))'' A (H))' 


P(.E^o) 


'r — l + k 
k 

J_ {'^xo{E,h) ■ ,FS 

271 Hull? ' 




(M) 


= (-l)nr-l)! 


r — l + k 
k 


'P(E^o) 


i ,^r ,FS /r n 

- - -2- ) 


27r 


V 


Here, dVolp^p^^) is the Fubini-Study volume element on P{Exo) and the 
ua’s, a = l,...,r, are the coordinates of u G with respect to the basis 
(ei(xo),..., er(a;o))- The (1, l)-forms 0 ^a can be of course considered as constants, 
since the point xq is kept fixed. 

Now, given a finite dimensional hermitian vector space V, its projectivization 
p: 1^\{0} P{V), call U{V) the unit sphere oiV, and dVol^'^ and da respectively 

the Fubini-Study volume element on P{V) and the Lebesgue measure on U{V) 
induced by the hermitian structure of V. The volume of U{V) with respect to da is 
thus given by 27r‘^™'^/(dimlA— 1)!. Then, given an integrable function /: P{V) —?> 
C, it is well-known (see for instance |Chi891 Lemma 1, Section 13.4, Chapter 3]) 
that the following equality holds: 



/dVoF^ 


1 

27rdim y 



(/ o p) da 


1 

(dim!/ - 1)! 



dcr. 


where f stands for the average integral. Therefore, what remains to show is that 



Sk{E,h){xo). 


This will be achieved in the subsection below and the proposition is proved. □ 
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2.1. An elementary lemma. Let F be a complex vector space of complex di¬ 
mension r and (•, •) a hermitian inner product on V. Next, given a positive integer 
k, consider on the space H of self-adjoint linear operators on V the following ho¬ 
mogeneous function of degree k: 

: 1~L —y M 

T t-A / {T{v),v)’" da{v) := f {T{v),v)’" da{v). 

J S2r-1 271 


Here, is the unitary sphere with respect to the fixed hermitian inner product, 

da is the Lebesgue measure, and 2Tr^ j{r — 1)! the corresponding volume of the 
sphere. 

Let us compute what this function gives, in terms of the eigenvalues of T € 

So, fix a unitary basis {ei,..., e^} of V which diagonalizes T. Suppose the matrix 
0 of T relative to this basis be given by 0 = diag(Ai,..., Ar). With this choices, 
we have 


MT) = 


E ■ 

li.... jfc=i 




/ 




'■da{z), 


where the Zj’s are coordinates with respect to the {e^} basis. For ji,...,jk = 
1 ,..., r, let us call 


Hju-- 



\zjkfda{z). 


Lemma 2.2. We have 




mi! • • • mr!(r — 1)1 

(r — 1 -I- fc)! ’ 


where rrii, £ = 1,.. .r, is the number of times that i appears among ji,..., jk- 
Proof. Consider the integral 




From the one hand, passing to polar coordinates, we have 

L 




l^Jkl 


dz 


2w 


(r - 
271 


r- P-t-OO 

F(r -I- k) 


{r - 1)! 

-n'^ir — 1 + k)\ 
(r- 1)1 


I{ji, ■■■Jk)' 
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where F is the Euler’s gamma function. On the other hand, by separating the 
variables and then passing to polar coordinates, we obtain 



i=i 

Putting these together, we obtain the desired result. □ 


Now, this lemma tells us that, for T gH, we have 


MT)= t 


k\{r — 1)! 


(r — \ + k)\ 


'31 ^'3k 


(r — 1 + ky. 


E 


mi! • ■ • my. 


3l,...,3k = l 


kl 


^31 ■ ■ ■ ^jk 


1 




fl'/c (^1 ; • ■ • ; ; 


where Cfc is the complete homogeneous symmetric polynomial of degree fc in r 
variables. Thus, it has a unique expression in terms of the elementary symmetric 
polynomials y^’s in the eigenvalues of T, which are nothing but the traces of the 
exterior powers of T. This can be explicitly obtained by the well-known relation 


m 


E 


{-lyajiXi,. 


• ■ ; ) ‘ '^m—j ; • ■ • ; ) — 0; 


which is valid for all integer m > 0. Here are the first few as an example: 

</)i(r) = -itr(r), 
r 

- 2tr(T)tr(A2r) +tr(A3T)), 


Thus, if we formally compute (j)k{i^Qxo{E, h)), where 0 is the Chern curvature of 
a holomorphic hermitian vector bundle {E,h) —>■ X at a given point xq G X, we 
exactly obtain 

yk(y;^Oxo{E,h)^ = Xy^SkiE,h){xo). 

3. A Kobayashi-Lubke type inequality 

Let (E, h) —>■ {X, Lo) be a holomorphic hermitian rank r vector bundle on a 
Kahler n-dimensional compact manifold, with Kahler metric u! and suppose that 
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{E, h) is Hermite-Einstein with respect to w. Then, there exists a real number Xe, 
such that 

(7) 


^OiE,h)A ^ 


( —r ® Ids • 

(n — 1)! n! 


Now, we shall explain how to describe the Hermite-Einstein property of Q{E,h) 
in terms of the curvature of (0_e(1), Keeping notations as in the preceding 

section, we have the following proposition. 

Proposition 3.1. The hermitian vector bundle {E, h) —>■ [X,uj) is Hermite-Einstein 
if and only if the following identity holds: 

,n—1 Trr—1 ,n 


( 8 ) 


^ A 


r! (n — 1)! 


= —Xe 


A 


(r — 1)! n! 


Proof. For the reader convenience, let us denote by the Fubini-Study metric 
^p{E^)h\B E{Ex) with respect to h\E^. Fix a point (x, [?;]) € P{E) and 

consider the following quantity, computed at (x, [x]): 

'^r 

A 




f! (n — 1)! 




For degree reasons, only one term survives, namely 


-r A 


TV U) 


n — 1 


,FS 


(H))' 


r\ (n — 1)! 
Now, on the one hand 


Ai?f(a:, H) A 




H) A 




i {E>x{E,h) ■ v,v')^ ^ 71*01"“^ 


A 


(n — 1)! 2?! Ikllh 


i {Q^{E,h) A-^^ -v,v)^ 


Ml 


{Tem,uj{x) ■ v,v)f^ 71 * 0 ;" 


\Hl 


n! 


where TE,h,u> is a hermitian endomorphism of {E, h) often called the mean curvature 
of {E,h) with respect to uj (observe that by its very definition, Te^h.ui = A^Idu if 
and only if (E, h) is Hermite-Einstein with respect to o;). On the other hand, as it 
is straightforwardly seen again by degree reasons, 


"T"—1 


,F5 


(H))’ 


(r — 1)1 n! (r — 1)1 n! 

Finally, since {TE^h,uj{x) ■ equals A£;||?;||^ for all v € Tx,x if and only if 

Te.h, uj{x) = Xe Idfi, putting all this together, we obtain dH]). □ 

Remark 3.2. If {E,h) is not necessarily Hermite-Einstein, then identity ([5]) reads 


-r A 


, ,n—1 
TT UJ 


= -7i«(x,M)/o;). 


r! (n — 1)! ’ i j / _ ;[^i n! ’ 

where we define 7 fc('i?f'(x, [i;])/o;), fc = 1,..., n, to be the fc-th symmetric polynomial 
in the eigenvalues of the real (1, l)-form 'df (x, [u]) with respect to uj. 

More generally, the same kind of computations leads, for each k = 1,... ,n, to 
the following identity of top degree forms on P{E). 

























10 


SIMONE DIVERIO 


Proposition 3.3. Let {E,h) {X,uj) be a holomorphic hermitian vector bundle 
of rank r over a n-dimensional hermitian manifold. Then, on P{E), we have 
^r-i+fc 7r*a;"-'= 


(9) 


A 




A 


(r — 1 + fc)! {n — k)\ ’ (r — 1 )! nl 

Proof. The proof goes exactly as for Proposition 13.11 with only one supplementary 
standard remark: for a a real ( 1 , l)-form, one has 


Q,fc ^n-fc 

fc! (n — fc)! 


= "fkiajuj) 


U}“ 


□ 


We are now in a good shape to prove Theorem 11.21 

Proof of Theorem \1.‘A We begin with the following elementary lemma. 

Lemma 3.4. Let 71,72: R" ^ R &e respectively the first and second elementary 
symmetric polynomial function in n variables. Then, 72 has an absolute maximum 
at the point {Cjn ,..., Cfn), if it is subject to the constraint 71 = C. 

Proof. Parametrize the affine hyperplane 71 = C by the first n — 1 variables. Then, 
a straightforward computation gives 


72 ^x 1 + C/n,.. .,Xn-i + Cfn,C - ^(xi + C'/n)^ - .. .,Cln) 


n — 1 

= -^xi - ^ XiXj 

i—1 1 

\i=l / i=l 

and equality holds if and only if Xi = 0 for all z = 1,..., n. The absolute maximum 
is then 


72 (C/n,..., C/n) = —. 


□ 


Now, consider the quantity 


'ZTP+l 


(r + 1 )! (n — 2 )! 


= 72 (i^f(x, [v])/uj) 


(r — 1 )! n! 


Since (E, h) is Hermite-Einstein, we have 7i('df (x, [u])/a;) = Xe, so that 


72(i?^(x,H)/a;)<( = 


A' 


n—1 


Therefore 

( 10 ) 


T^r+l 


A 


7r*a;”-2 


< 


,2 

n — 1 


Ajr. 


—r —1 


A 


(r + 1 )! (n — 2 )! 2 n (r — 1 )! n! 


and equality holds if and only if the eigenvalues of (x, [x]) with respect to w are 
all equal to A^/n, that is 

^^f(x, M) = 

This means that, for all x S X and u £ Cj, \ {0}, we have 
^ (e^(E,h) ■v,v)^ = \\v\\l^u}, 

















SEGRE FORMS AND KOBAYASHI-LUBKE INEQUALITY 


11 


or, in other words, 


\Z 7 r n 


v,v } = 0 , 

h 


that is 

^Q{E,h) = —uj(g)ldE. 

ZTT n 

To conclude, we just need to take the push forward of both sides of and use 
ProDOsition ll.il to obtain 

S 2 {E,h) ^ n - 1 A| lu" 

(r + 1 )! (n — 2 )! “ 2n {r — 1 )! n! ’ 

which is precisely 0. □ 


To finish with, let us know briefly explain how to formally derive from the 
classical Kobayashi-Liibke inequality. Same notations and hypotheses as in the 
statement of Theorem 11.21 we have 

ci{E,h)^ - C2iE,h) = ^Ur + l)ci{E,h)^ 

2r 

+ (r - 1) ci{E, hf - 2rc2{E, h)) A 

< ^-^c^{E,hf A 
2r 

the last inequality being exactly the content of the Kobayashi-Liibke inequality 
(and so with equality if and only if E is projectively flat). Now, by the primitive 
decomposition formula, we write 


ci{E,h) =ij + fuj, 


where 77 is a real u-primitive (1, l)-form, i.e. = 0, so that 77 A = 0, and 
/ is a smooth real function on X. Next, from 0, we obtain that / is constantly 
equal to ^Xe- Then, 


r + 1 
2 r 


ciiE,hf A 


2r 


77 " Aw”-2 + A 


\2 ' 


UJ 


r(r + 1 ) ^2 


7" T 1 2 A n —2 

- 77 ^ Aw" 

2r 


It remains to show that 77 ^ Aw" ^ < 0, with equality if and only if ci{E, h) = Xe ^ w. 
For this, let 

n 

77 = 7 aj dzj A dzj 
i=i 


be a diagonalization of 77 with respect to w. Then, A^rj = 0 reads aj = 0 and, 
as in the proof of Proposition 13.31 we get 


772aw"-2 


2 !(n- 2 )! 
nl 


ajUk w". 

j<k 


The conclusion follows once again using Lemma 13.41 
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4. Final remarks 


Let us finish this note with a few remarks, also in order to underline some of the 
virtues and shortcomings of the methods presented here. 


Remark 4.1. The equality case in m gives the projective flatness type condition 

^e{E,h) = —010 Ids. 

ZTT n 

This easily seen to be actually stronger than the usual projective flatness. Just 
take any line bundle L ^ X: of course, as every holomorphic line bundle, L admits 
a Hermite-Einstein metric h with respect to any w and moreover L is trivially 
projectively flat, but ci{L,h) cannot equal unless we had already chosen uj 

to be ^ci{L,h) (in particular iQ{L,h) should have a sign, or be zero). On the 
other hand, if {E, h) —>■ (X, w) is Hermite-Einstein and projectively flat, then from 
the classical Kobayashi-Liibke inequality we get 

C2(E, h) A a;"-2 = cXE, hf A a;”-2. 

2r 

Now, if we plug the above equality in ([3]) we obtain 

ci(£;, hf A <Xe- ci(E, h) A f w”. 

n \ n J 

This last inequality thus can be thought to somehow measure how far i ci(£’, h) is 
from being ^ w. 

Remark 4.2. If {E,h) —>■ (X, w) is Hermite-Einstein with slope then it is 

also Hermite-Einstein with respect to tu) for any positive real number t and 

Thus, for the sake of simplicity, we can normalize w and suppose that it has total 
mass = 1. Suppose (X, w) is a smooth compact Kahler surface. In this 

situation, the classical (integrated) Kobayashi-Liibke inequality reads 

ci{Ef < ^c 2 (E), 
r — 1 

whilst inequality (H]) becomes 

ci(E)2<c2(£;)+A|;^^^^^. 


If Ci{E)‘^ < 0 and C 2 {E) > 0, then the two inequalities don’t give any further 
information. On the other hand, if both ci{E)‘^ and C 2 {E) have the same sign, then 
the latter is stronger than the former whenever 


, ^2 r{r + l) 
C2{E) + Xe - 3 - 


< 


2r 

r — 1 


C2(E), 


that is, as soon as 

(11) c2(E)>^(ci(£;).H)^ 

Thus, when both Chern numbers positive, inequality (El) provides a non trivial 
condition which ensures that the Kobayashi-Liibke inequality in its classical incar¬ 
nation is actually weaker than (|T]). This is of course of some usefulness only if one 
is able to compare a priori the second Chern number of E with its slope. 
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Remark 4.3. As pointed out in |Miy91| , according to [Mar77[ [MarTSj . if we fix the 
base space A, the rank r, ci and C 2 , the isomorphism classes of stable vector bundles 
are parametrized by a finite dimensional quasi-projective variety and, in particular, 
the possibilities of higher Chern classes are finite. Nevertheless, it would be quite 
useful for Riemann-Roch type computations to find natural inequalities between 
higher Chern classes of a (semi)stable vector bundle |Miy91[ Problem 4.1]. Unfortu¬ 
nately, the methods presented in this note cannot be straightforwardly adapted to 
find such inequalities. The reason is that in Lemma 13.41 nothing can be said about 
the boundedness of higher elementary symmetric polynomials once only the first is 
supposed to be constant. One could be then led to consider “higher order Hermite- 
Einstein metrics”, i.e. hermitian metrics h on E such that for some ^ = 1,..., n the 
7 fc('(?f'/a;)’s are constant for 1 < fc < ^. Let us say that such a metric h is UHermite- 
Einstein with respect to ut (with this definition, thanks to Proposition 13.11 (A, h) is 
Hermite-Einstein with respect to w if and only if it is 1-Hermite-Einstein). In our 
opinion, this may definitely be worth to be investigated, especially in connection 
with recent developments in the theory of Hessian equations on compact Kahler 
manifolds (see for instance, juste to cite a few, [BloOSl lHou091 iLuT^ L 

Remark 4.4. When E = Tx and w is a Kahler-Einstein metric on X, then the 
Guggenheimer-Yau inequality states 

(nci(A, — (2n -|- 2) C 2 (A, w)) A Atx ci(A, < 0, 

if Atx ^ 0, and C 2 {X,uj) A w" ^ > 0, if Atx = 0- This stronger Kobayashi- 
Liibke type inequality relies on the additional symmetries, in the specific case of 
the tangent bundle, that the curvature tensor acquires whenever computed starting 
from a Kahler metric. It seems to us that it is not possible to derive such an 
inequality with our methods, since it is not clear how to take advantage of these 
further symmetries just looking at the curvature of the tautological bundle on the 
projectivized bundle of lines of Tx ■ 

Remark 4.5. It is tempting to apply the same kind of techniques on other fiber 
bundles, such as Grassmannian bundle or, more generally, flag bundles associated 
to E. This would possibly give other inequalities on Ghern classes of E, as well 
as —in the spirit of Guler’s theorem mentioned in the introduction— positivity 
of more general combinations of Chern classes beside the signed Segre forms, in 
the case of a Griffiths positive vector bundle. This issue will be addressed in a 
forthcoming paper. 
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